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Abstract

In this paper, we suggest a fixed-point theorem in dislocated quasi metric space for a new continuous contractive mapping. This theorem
provides generalization of some existing results in the literature. Our result is supported by example.

Keywords: Metric space, complete metric space, contraction mapping and fixed point

Introduction

The applicability of the fixed point theory has been proved by many authors in several branches of mathematics like
optimization theory, game theory, control theory, differential equations, boundary value problems. The study of fixed point
theory was started more after Banach fixed point theorem for contraction mapping in complete metric space. This theorem
guarantees the existence and uniqueness of fixed point through the application to the certain self-maps of metric spaces.
Through the proof theorem, it also provides a constructive method to find the fixed point of self mapping in different versions
of generalized metric spaces.

After the Stephan Banach, the fixed point theory on metric spaces has developed through numerous generalizations obtained
by strengthening or by weakening the hypothesis in definition of metric spaces. These generalizations of Banach fixed point
theorem appear in the theory through the intense interest of different authors to generalize the metric space. It has provided
many generalizations by many ways, namelyquasi-metric space, dislocated-metric space, partial metric space, dislocated
quasi-metricspace and generalized quasi-metric spaces. By using concept of partial metric space in 2000, Hitzler and Seda 2
worked on metric spaces and excluded the condition of self distance equal to zero in metric spaces to introduce the concept of
dislocated metric spaces, where the self distance need not be zero for any point. Further, Hitzler and Seda P gave the
celebrated Banach contraction principle in complete dislocated metric space. The dislocated metric space has proved its
importance in logic programming semantics, computer science and electronic engineering.

The notion of quasi-metric, as a generalization of metric spaces, was given by Wilson [ by dropping the symmetric property
in dislocated metric space, thereafter Zeyada et al. %!, introduced some definitions to strengthen the literature of generalization
of metric spaces. In their study they used the idea of dislocated metric space due to Hitzler and Seda @ to establish the concept
of complete dislocated quasi metric spaces and proved new version of Banach contraction principle fixed point theorem in
dislocated quasi-metric spaces. Aage and Salunke ™ °I derived some new fixed point theorems in dislocated and dislocated
quasi-metric spaces. Isufati 'l derived some fixed point results for continuous contractive conditions in dislocated quasi metric
space. In this line, Kohli, et al. ], has discussed the existence and uniqueness of a fixed point in a dislocated quasi-metric
space.

In the present paper we prove a fixed point result in dislocated quasi-metric spaces for a continuous selfmapping with new
contractive conditions our result provides generalization some present results in the literature of dislocated quasi metric spaces.
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Preliminaries

Following fundamental definitions, theorems and properties are employed to establish our main result.

Definition 3.1. [3]: Let Xbea non-empty set and d: X X X — [0,9) pe 3 function satisfying the following conditions:
1. d(s,s)=0

2. d(s,t) = d(t, s) = Ojmpliess = ,

3. d(s,t): d(g,t)fora”.g, t e X,

4. d(s,t) = d(s, uw) +d(u,t) forans,t,u € X

Then @ is called a metric on X and (X, @) is called as metric space.

Definition 3.2 [1]: The d satisfying the conditions (i), (ii), (iv) is called as quasi metric on X and (X, d) is known as quasi
metric space.

Definition 3.3 B1: If distance function @ satisfies conditions (i), (iii) and (iv) then d is called as dislocated metric (d-metric)
X
on,

Definition 3.4 B: If d satisfies conditions (i) and (iv) only then it is called as a dislocated quasi metric (d(i'-metric) on¥.
Remark 3.5 Bl Every metric space on X is a dislocated Metric space on X but not conversely.

Example 3.6 Let X — R* and we define the distance function @ : X X X — [0,00) by d(s,t) = s+t then d is
clearly a dislocated metric space but not a metric space.

Remark 3.7 Bl Every dislocated Metric X is a dislocated quasi Metric on X but not conversely.

Example 3.8 LetX = R* and we define the distance functiond @ X X X — [0, ) by d(s,t) = |t] then @ is clearly a
dislocated quasimetric space but not a metric space.

Example 3.9 Let X = R* and we define the distance function @ # X X X — [0, ) by d(s,t) = max{s, t},

Definition 3.10 B A sequence {sn}in dqg - metric space (X, d) s called Cauchy if for given € = 0 there exists o € N, for
all M, 1= ng

implies A(Sm, 8p) < € or d(s, ,5,) < € min{d(sy,s,), d(s,,5,)} <€,

Definition 3.11 B A sequence {sn} in dg-metric space (X,d) is called "bi’ Cauchy if for given € = O such that for all
m,n >ngy, max{d(s,,s,),d(s,,sm)} <e€

Definition 3.12 Bl A sequence {sn} in dg - metric space is dislocated quasi-converges to So (or dq converges to So) if

lim d(s,, sp) = lim d(sy, s,) =0
T—co

n—eo and S is called as 49 - limit of sequence {sn}inX.

Proposition 3.13 B! Every convergent sequence in a dq-metric space is ’bi’ cauchy.
Lemma 3.14 BI Every subsequence of dQ-convergent sequence to a pointSo is dQ-convergent to So.
Definition 3.15 ¥ A @q-metric space (X, d) is called complete if every Cauchy sequence in (X,d) isa dff'-convergent.

Definition 3.16 B Let (X,da) and (¥, dﬁ) be two @G-metric spaces and let T # X = ¥ pe a function, then T is

continuous if for each sequence {sn} which is da g-convergent to So in X the sequence {T(sn)} is d.ﬁ’q—convergent to
T(so)inY.

Definition 3.16 B Let (X, @) pe a q-metric space, Amap T * X — X s called contraction if there exists 0 = 4 < 1
suchthat d(T's, Tt) = Ad(s,t) forals,t € X

Lemma 3.17 B Every subsequence of d‘?-convergent sequence to a point So is dfi’-convergent to So.
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Remark 3.18: The converse of Lemma 2.1 may not be true in dq- metric spaces.

Lemma 3.19 B Let (X, ) pe a dg-metric space. If T # X — X is a contraction function, then {T" (so)}is a Cauchy
sequence for each So € X.

Lemma 3.20 ¥ The @q-limits in a 4q-metric space are unique.

Theorem 3.21 B Let (X, d) pe a complete dq-metric space and let T # X — X pe a continuous contraction function then

T hasa unique fixed point.
Aage and Salunke ™ introduced Kannan-type contraction and derived fixed point theorems. They also has provided
generalized contraction in the context of dislocated quasimetric spaces the results are stated in the next theorems.

Theorem 3.22 1 Let (X, d) pe a complete dg-metric space and T: X — X pe a continuous self-mapping satisfying the
following condition:

1
d(Ts, Tt) = a - {d(s,Ts) + d(t,T)} where@ = O with® <3 and

forall S;t € X then T has a unique fixed point.

Theorem 3.23 [ Let (X,d) pe a complete dq-metric space and T: X — X pe a continuous self-mapping satisfying the
following condition:

d(Ts, Tt) < a - d(s,t)+ b - d(s,Ts) + ¢ - d(t,Tt)

+e -{d(s,Tt) + d(t,Ts)},

Where @, b, c,e = Owjtha+b+c+2e < landforallS, t € Xthen T has a unique fixed point.
Further, Aage and Salunke Pl established the following results for continuous mappings in dislocated quasi metric spaces.

Theorem 3.24 ©1 Let (X, d) pe a complete dq-metric space and T': X — X pe a continuous self-mapping satisfying the
following condition:

d(Ts,Tt) = a - d(s,t) + b - d(s,Ts) + ¢ - d(t,Tt),

Where &b, ¢ = Oyjtha + b + ¢ <Landforall it € X Then T has a unique fixed point.
Isufati "1 proved some fixed point theorems for continuous contraction mappings defined by Dass and Gupta [6] in dislocated
quasi-metric spaces.

Theorem 3.25 ©1 Let (X,d) pe a complete dq-metric space and T': X — X pe a continuous self-mapping satisfying the
following condition:

~d(tTt)1 +d(s.Ts)]
1+ d(st)

d(Ts, Tt) < a + b - d(st)

Where @b = Owitha + b < Landforall S,t € X Then T has a unique fixed point.
Kohli, et al. ¥ considered dislocated quasi metric spaces and proved fixed point theorem in the space stated below.

Theorem 3.26 1131 Let (X, d) pe a complete dq-metric space and T+ X — X pe a continuous self-mapping satisfying the
following condition:

d(t, TO[1 + d(s,Ts)]
' 1+ d(s,0)

d(Ts, Tt) = a + b - d(s,t) + c - d(t,Tt),

Where @, b,¢ > 0 yitha + b + ¢ < Landforall$;t € X then T has a unique fixed point.
Motivated from Aage and Salunke ™, Aage and Salunke P!, Isufati [, Kohli, et al. ], we present a continuous contractive

mapping and prove fixed point theorem in dislocated quasi metric space and prove existence and uniqueness of fixed point in
dislocated quasi metric spaces for this contractive mapping.
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Main Result
In this section we prove our main result.

Theorem 4.1: Let (X,d) be a complete dislocated quasi metric space (dff'—metric space) and T+ X — X be a continuous
self mapping satisfying the following condition

d(Ts, Tt) < a,d(s,t) + a,d(s, Ts) + azd(t, Tt)

N d(sT s)d(tT £) N d(s.Tt) d(tTH[1+d(s.Ts)]
ay a Qe 1+d(s.t) Equation 4.1

d(s.t) 5 [1+d(s.t)]

with @1 + a2 +az +ay +2as5 + ag < Lwhere, foreach @ =0, 1 =1 =6 for all S, € X then T has unique
fixed point in X

Proof: Let wus choose So an arbitrary member in X and define a sequence {sn} by
Sp, 1 = T(sg), s3 =T(sy),...,8, =T(sp—1) forall T EN.

To prove that, {sn}isa Cauchy sequence in X
Consider,

d(sn- Sn+1) = d(TSn—l- Tsn)
d(sn—l- Tsn—l)d(sn-TSn)

d(sn—l- Sn)

< a;d(s;—1,5,) + a,d(s,—1,Tsp—1) + azd(s,, Ts,) + a,

d(s,—1, Tsp) d(sy, Tsp)[1 +d(sp—q, TSp—1 )]

+ +
s 1+ d(s,_1,8,) %o 1+d(sp—1,8)

d(sn- Sn+1) = rxld(ﬂ?n—l ’ Sn) + i:;rzd(-!?n—l-sn) + an(Sn-Sn+1)

o d(sp—1,5p)d (S, Sp+1) « d(sp—1,Sn+1)
* d(sn—lvsn) ° 1 +d(5n—1-5n)

+ aﬁd(sn- Sn+1)

d(sy, Sps1) = @1d(sp—1, $p) + a2d (51, 8,) + azd(sy, Sp41)

s )-l-ﬂf d(sn—1-5n+1)
e *1+d(sy1,5,)

+a=td(5n- + aed(sn-5n+1)

d(sy, Sps1) = @1d(sp—1, $p) + a2d (51, 8,) + azd(sy, Sp41)
+ayd(sy, Sp+1) + @sd(sp—y, Sp+1) + @ed(sy, Sp+1)

d(sy, Sps1) = @1d(sp—1, $p) + a2d (51, 8,) + azd(sy, Sp41)
+a,d(sy, Sps1) + as{d(sp—1,8,) + d(sp, Sps1)} + @gd (s, Sps1)
(1 —as —ay —as — ag)d(sy, sp+1) = (ay + az +as) dsp—y,5)

(ay +a; +as)

<
lﬁ-’(gnn- Sn+1) —= (1 — a3 — @y —as — ae) d(sn—l ’ Sn)

(g tagtas)

Let - (l-az—ay—as—og)

Therefore, (Sn, Sps1) = kd(s,—1,5,)
Similarly, we can have,

d(sn—l ’ Sn) = kd(sn—z ' '5']'1—1)I

https://multiresearchjournal.theviews.in 933



https://multiresearchjournal.theviews.in/

International Journal of Advance Research in Multidisciplinary
d(sn- Sn+1) = kzd(sn—z -Sn—l)

Thus, d(sn- 5'n+1) = IEfnd(sra- 51)

Now, for any two natural numbers % 1 satisfying 7t = 1 and employing the triangle inequality in dq metric space.
we can have,

d(sn- Sm) = d(sn-5n+1) + l53-1(-!5'rt+1-5'1't+2)' ot d(sm—l-sm)
= knd(S’ﬂ, Sl) + kn+1d(5'ﬂ, Sl) + kn+2d(5'ﬂ, Sl) + L. + km_ld(Sﬂ,Sl)

< (k™ + k" 4+ k2 4+ k™ Y)d (59, 51)

mn

d(sp, sp) = (ffk) d(sg,s1)

But given condition is that, @1 + @2 + @3 + @y +2as + ag <1

(g tagtas)

N = <1
This implies that, (1-az—ay—as—ag)

Also, foreach @ =2 01 =1 =6
and we are having, 0 =k < 1ang k™ — 0 a5 — @,

For each € = 0, we choose No = 0 insucha way that,

(%) d(sg,s1) <€

then for any choice of " and 1 with 7, M = Ny,
We get that,

d(s,, s,) < ( K ) d(sg,5,) = ( ke ) d(sy,5,) < €

1-k 1—-k

Also, following the same steps as above we can prove that, d(Sm,s,) < €

Thus, from d(Sy, Sm) < € and A(Sm, S7) < € it shows that, sequence {sa}is a Cauchy’s sequence in complete dq.
metric space (X,d).

Since, (X, d) is d‘i‘—complete metric space, the sequence {sn} must converge in X

Therefore, there must exists a point § € X such that, Sn — §asn — ©

ie. < isa limit point of {sn}

T :T(lims):list = lims =
Since, T is continuous, we can have ¢ n—co " n-co (5n) n—oo N1 §
Giving finally that, T¢ = ';; and this proves that ¢ is fixed point of T

To prove uniqueness of fixed point for T

We assume that, I has two fixed point namely ¢ and ¥ and thenwe have TS =€ and TY = ¢,
From equation 3.1 d(£,§) =0gngd(¥,¥) =0,

Consider,

d(&, ) =d(TE, Ty)

= a;d(§,Y) + @;d(§,TE) + azd(Y, TY)

ra d(s, Tw)d(w.?"w)ﬂ d(§,Ty) a d(y, TY)[1 +d(£,TE)]
YdEy) "[L+dE ] ° L+d(&,y)
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d(€,y) = a1 d(&, ) + ad(§,8) + azd(y, ¥)

o d(f.w)d(w.rp)m d(,y) i d(y,P)[1+d(&,8&)]
fdEWw *+dEw] ° 1+dEY)

d(€,y) = a1 d(&, ) + ad(§,8) + azd(y, ¥)

d(,¥)[1 +d(E 9]
L+d(y)

d(§,y) =d(TE, TY) = a,d(E,¢) + +asd (&, )
d(&, ) = (a; + ag)d(&, ¥)

This leads to d(,¥) =0, Since, 0 = (a1 + a5) <1
Butd(,¥) = 0 proving that, d(§,1) =0 Equation 4.2
and similarly we can prove that, d@,§) =0 Equation 4.3

+ayd(y, ) + asd(E, ) + ag

Thus, from Equation 4.2 and Equation 4.3 we get, =1y
This proves uniqueness of fixed point.

Example 4.2 Let us consider X = [0,1] a complete dislocated quasi metric space defined by d(s,t) = s for all, $,t € X ang
T continuous self-mapping defined

s 1 1 o o o o
ASTSZEWith ay = g.ag = g.ag = -,y = —,0; = —,0g =

Then T is self-mapping satisfying the conditions mentioned in Theorem 4.1 and § = 0is the unique fixed point of TinX.
Remark 4.3
In theorem 4.1

1. Ifweset@ = @3 = ag = @5 = & = 0 then we get Theorem 2.1 in Zeyada et al. 3],

1
2. Ifweset @ = ay=as =as =0 wjth @2 = &3 = & gnd * <7 and then we get Theorem 3.3 in Aage and Salunke 1.
3. Ifweset @ = @5 = @ = O then we get Theorem 3.3 in Aage and Salunke [,
4. 1fweset @2 = @3 = &g = &5 = 0 then we get Theorem 3.1 in Isufati [,
5. Ifweset @2 = @3 = @y = 0 then we get Theorem 1 in Kohli et. al. .
Conclusion

The fixed point theorem, Theorem 4.1 proved in this paper provides an extension of Zeyada et al. ¥, Aage and Salunke [,
Aage and Salunke B, Isufati [, Kohli et al. [8],

References

1. Wilson O. On quasi-metric spaces. American Journal of Mathematics. 1931;53(3):675-684.

2. Hitzler P, Seda AK. Dislocated topologies. Journal of Electrical Engineering. 2000;51(12/s):3-7.

3. Zeyada FM, Hassan GH, Ahmad MA. A generalization of fixed point theorem due to Hitzler and Seda in dislocated quasi-
metric space. Arabian Journal of Science and Engineering. 2006;31(1A):111-114.

4. Aage CT, Salunke JN. The results on fixed points in dislocated and dislocated quasi-metric space. Applied Mathematics
and Sciences. 2008;2(59):2941-2948.

5. Aage CT, Salunke JN. Some results of fixed point theorem in dislocated quasi-metric spaces. Bulletin of Marathwada
Mathematical Society. 2008;9(2):1-5.

6. Dass, S., Gupta S. An extension of Banach’s contraction principle through rational expression. Indian Journal of Pure and

Applied Mathematics. 1975;6:1455-1458.

Isufati A. Fixed point theorem in dislocated quasi-metric space. Applied Mathematics and Sciences. 2010;4(5):217-223.

8. Kohli M, Shrivastava R, Sharma M. Some results on fixed point theorems in dislocated quasi-metric space. International
Journal of Theoretical and Applied Sciences. 2010;2:27-28.

~

Creative Commons (CC) License

This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY
4.0) license. This license permits unrestricted use, distribution, and reproduction in any medium, provided the original author
and source are credited.

https://multiresearchjournal.theviews.in 935



https://multiresearchjournal.theviews.in/

